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ABSTRACT

The use of composite materials for strengthening of concrete structures has become a common practice in
structural rehabilitation industry since last decade. The present study investigates the interfacial stresses
between FRP fabrics and the concrete substrate in reinforced concrete (RC) beams. The methodology is
based on an analytical manipulation which completes the previous investigations done by other researchers.
Primarily, a closed form solution is developed to express the distribution of interfacial stresses along the
bond length at the end of FRP plate where the concrete has linear behavior. In post-linear region, the
analysis is performed at the cracked zone. In order to verify the analytical predictions, a numerical solution
using FEM is performed. The main distinction between the work done in this paper and other researches, is
examinihg the effect of the tensile steel reinforcement in concrete. This effect is analyzed at the plate end
and at the cracked zone with linear and nonlinear behavior of concrete, respectively. Moreover, a parametric
study is performed which considers the effect of the variety of adhesive thicknesses on the interfacial

stresses between the concrete substrate and the FRP layer.
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1. INTRODUCTION

Over the past decade, the use of fiber reinforced
plastics has been so popular among engineers. These
materials were first introduced to the Mechanics and
Aerospace Engineering applications. At the present,
retrofitting of structures using FRP Materials is a common
practice; and the application of them is a feasible way of
increasing the load carrying capacity of structures.

Nowadays, structural rehabilitation obliges civil
engineers to perform studies and research activities on the
behavior of the FRP bars and sheets. Several modes of
failure have been discussed by the researchers such as:
FRP rupture, concrete crushing, compressive failure, and
debonding. These failure modes are discussed in details in
[1].

The debonding failure mode which occurs between
FRP sheet and concrete surface is a common structural
failure mode. Thus, recently the bond behavior has widely
been discussed and analyzed by the researchers.
References [2] and [3] presented stress contour plots of
the FRP-anchorage zone based on the linear FE analysis.

Several researchers such as [4] and [5] concluded that
when beams with bonded plates are loaded in flexure, the
failure mode is associated with delamination of the plate
from the beam. References [6] and [7] developed
analytical solutions for the shear and normal stresses along
the interface between the bonded plate and the concrete
beam,

Some researchers presented analytical models to
investigate the interfacial stresses between bonded plate
and the surface of the concrete beam at the FRP plate end.
Reference [8] performed linear analytical models and
compared them with other solutions. In a similar work,
some parametric solutions were made and compared to the
FE solution [9].

Although the interfacial stresses at the plate end play a
significant role in the debonding failure mode of the FRP
retrofitted concrete beams, the interfacial stresses at the
cracked zone are more critical. In concrete beams, flexural
and shear cracks are commonly found on the tensile side
of the beam. Under loading, these cracks tend to open and
induce high interfacial shear stresses. A recent work has
made a fracture mechanics based analysis to obtain the
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crack mouth opening and the maximum interfacial shear
stress at the cracked region for a given applied moment
[to].

2. OBJECTIVE OF THE CURRENT STUDY

The main purpose of the present paper is to examine
the effect of tensile steel reinforcement on the interfacial
stresses in post-linear stage of concrete beam. First, a
closed form solution is developed to express th
distribution of normal and shear stresses at the plate en
_ region. At this region, the concrete has linear
characteristics. At the other stage, a solution is applied for
calculation of tensile force in FRP fabric as a boundary
condition to predict the shear stress function at the cracked
zone where the concrete has nonlinear behavior. This
method performs equilibrium equations based on strain
compatibility condition. Finally, in order to verify the
mathematical results, numerical finite element solution is
presented.

3. INTERFACIAL STRESSES AT THE PLATE END

To examine the effect of the tensile steel reinforcement
at the linear stage, the section including concrete and steel
is separated from the FRP plate. In order to consider the
steel reinforcement in the equations, the reinforced
concrete section is transformed in to concrete. Thus, in the
equations the cross section area of steel would be assumed
as (n-1)A,. Consequently, the transformed moment of
inertia and area of the section including concrete and the
tensile steel reinforcement , Iy and Ay, , are calculated as:

weh M

2
lye = +wch(%~c] +(n-1)Ag(dg —c)?

Agre =Ac+(n-1Ag=wch+(n-1)Ag

Figure 1 shows the loading condition and the beam
section. The following assumptions are used in the
analytical model:
1. At the plate end, the concrete behaves linearly.
However, at the cracked zone, the material has nonlinear
characteristics as described in section 4.
2. The adhesive and FRP materials behave elastically and
linearly.
3. No slip is allowed at the interface of the bond.
4. Since it is assumed that both the adhesive and FRP plate
are very thin, stresses in the adhesive layer and composite
materials do not change with thickness.
5. The bending stiffness of the concrete beam is much
greater than the stiffness of the FRP plate.
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}‘igure 1: Loading condition and section.

A. Interfacial Shear Stress

Considering &p(x) and ec(x) as strains in FRP and
concrete layer, respectively. the differentiation of the shear
stress with respect to x, is:
di(x) G @
_L) = —9~(8p(x) ,_gc(x))

dx ta

where G, and t, are the shear modulus and the thickness of

the adhesive layer, respectively. By using a simplification,

the strain relation for the plate would be [9]:
NX)

EptpWp

where Ep is the FRP effective modulus of elasticity, tp and

wp are the FRP plate thickness and width respectively.
Also, the strain in concrete is:

Mc(X)ye N(x)

Ecltre  EcAtre

The above equation is taken from [8]. In this research
the effect of the tensile steel bar is introduced by using Iy
and Ag. Mc(x) is the applied moment on the concrete
layer, N(x) is the axial force acting on concrete or FRP
layer, Ec and yc are concrete modulus of elasticity and
distance from the bottom of the reinforced concrete
section to its centroid, respectively.

The equation below [8], explains the relation between
the total moment in the section and the moment applied in
the concrete layer M, (x), and the moment applied in the
FRP layer M, (x):

o) ©

@)

gc(X) =

My (x)=M, (x)+ M, )+ NE)ly. +y, +t.) &)
M (x)=RM, (x) , R:JZ—C—II-‘E"—

¥, is the distance from the top of the FRP layer to its
centroid and Ip is the moment of inertia for FRP plate. In
Figure 2 for the description of y. , y, and t, , a schematic
pattern of the layers is illustrated.
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Figure 2: Different layers of a retrofitted RC beam.

By substitution of (3) to (5) into (3) and solving the
resulted differential equation with its boundary conditions
as indicated in [9], the shear stress relation becomes

©(x) = Cicosh(Bx) + Cosinh(Bx) + 1o (6)
where:
oo GayeRpd, o o RYaYeRp
C=-Cy= 820 0. ° ( ) 2
taEcItrcﬁ R+1)E¢ ItrctaB

05
w
Bz{gi{~l—+-§—.—y—&—.wp(yc+yp+ta)+ £ J}
t,|Et, R+1IE], EA (9

B. Interfacial Normal Stress
The following equation expresses the interfacial normal
stress [8]:

o(x) =2y, () -v. ()]

where vi(x) and v(x) are the vertical displacements in the
FRP and concrete layer, respectively.

Plugging the following elastic moment-curvature relations
into (8):

®

2 2 9
LY BV i.Y_PZ(L):-_l..MP(x) ®
dx E.I. dx ElI,

a differential equation is obtained, where its solution
turns out the following expression for normal stress as:

G(X):e-’“x [H]Cos(kx)+ lLIZSin()\x)]_nlgf~ (10)
X
in which:
0.25
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Hi , H, are constants which can be defined by applying
the boundary conditions as exactly explained in [8].

4. INTERFACIAL SHEAR STRESS AT THE CRACKED
LOCATION AT MIDSPAN OF BEAM USING STRAIN
COMPATIBILITY CONDITION

Using strain compatibility, the equilibrium equations
are performed at the cracked section of the beam. At this
section, the concrete portion behaves nonlinearly and the

tensile part is neglected. The equilibrium equations at the
cracked section are;see Figure 3:

We
> €, £, C.
dp h|dg
A St ST
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Figure 3: Geometry of the section and strain .
C. A -f,A, =0

(12)
{CC ><§+Asfs(ds —c)+ Apfp(dp —c): MT(X)

where C; andy, are the overall compression force in the

concrete under pressure and its distance from the neutral
axis, respectively. The mentioned equilibrium equations
will help to find out the FRP tensile force at the cracked
region, as designated Np. Calculation of Np via the
equilibrium equations (12) would result in a boundary
condition which helps to find the shear stress relation. In
order to obtain the shear stress relation at the cracked

region, x variable should be transformed into —lziw X in (6)

as the following:

t(x)= C1Cosh[ﬁ(%—xﬂ+ Cy Sinh[ﬁ(';;"?(]}“ﬂo )

S. FINITE ELEMENT SOLUTION

For the validation of the analytical results, a finite
element approach is, also, performed in this research.
Ansys 9.0 FEM software is used to model the rectangular
beam strengthened by an externally bonded FRP plate
subjected to the three-point bending load. The three
dimensional model used for the numerical analysis is
illustrated in Figure 4. In order to have an appropriate
verification, all the assumptions used in the analytical
solution are implemented in the FE model. The selected
numerical model used for concrete is 8node solid65
element with the capabilities of material nonlinearities.
The interface adhesive and FRP are modeled using 8node
solid45 element with linear characteristics. Also, for
modeling of the tensile steel rebars, link8 element (G-D
spar) is used.

Figure 4: 3D numerical model.
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A. Description on the Presented Model

Using the benefit of symmetry, only a quarter of the
beam is modeled. The model is cut along the longitudinal
and transverse axes of the beam. For examining the stress
distribution, the mesh pattern is fined at the plate end and
at the cracked locations.

One of the important issues in the numerical analysis of
an externally strengthened structure, is the modeling of the
adhesive layer. Owing to the fact that the main purpose of
the research is examining the shear stress distribution in
the adhesive layer at the early stages of loading, according
to the formation of the primary crack pattern, no failure
criterion is assigned for the material details of the
adhesive. Moreover, the mechanical specifications of the
adhesive itself are identical in all directions, i.e, it has an
isotropic behavior.

Another important point in modeling of the adhesive is
the number of layers which should be considered in the
FE modeling of the adhesive. Since the adhesive should
react between substrate surface and FRP, for the better
compatibility between the two major parts, the adhesive is
modeled by 3 layers. The thickness of the three layer
adhesive is considered 0.1 mm. Figure 5 shows the
numerical model of adhesive and FRP.

FRP
Figure 5: Adhesive and FRP.

Another important feature in the FE analysis is the

Adhesive

crack pattern in the model. The crack pattern in the
concrete elements is introduced as the smeared crack
pattern. At the first steps of loading, the crack pattern in
the concrete is illustrated as a single row of cracked
elements. This pattern is defined here as the primary crack
pattern. By increasing the load, the uniform single row
crack pattern turns to multiple rows of cracked elements.
This crack pattern is defined as secondary crack pattern.

Figure 5 shows the primary and secondary crack
patterns in the unreinforced and reinforced concrete beam.
The interfacial shear stresses are examined for the primary
crack pattern. For the model when there is tensile steel
with A;=1000 mm® the stress distribution at the cracked
region before and after the formation of the secondary
cracks is presented in Figure 6. When there is primary
crack pattern, there is an exponential stress diagram at the
cracked region. But when secondary cracks form along the
beam, there is an oscillatory crack pattern, and peak points
of this pattern indicate maximum stress at the vicinity of
the cracks, as illustrated in Figure 6.
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Figure 5-a: Primary cracks pattern in the unreinforced beam.

i

Figure 5-b: Primary cracks pattern in the reinforced beam.
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Figure 6: Interfacial stress distribution before and after the
formation of the secondary cracks, A;=1000 mm?>.

6. RESULTS VERIFICATION

Based on the analytical and FE solutions, some
verifications are presented in this section. The model is a
simply supported beam with a point load acting at the
midspan as previously illustrated in Figure 1.

It has to be mentioned that in all the proceeding results,
the following assumptions are considered:

-The tensile steel yielding stress is assumed as

£,=280MPa

-According to [11], the relation between the modulus of

elasticity and the compressive strength of concrete

would be expressed as:

Ec =4.7794,[t (14)

where E is in GPa and f( is in MPa.

-The tensile stresses in FRP and steel are calculated as
the following linear relations:
f=Epe, , fi=E, (15)

-The assumption for the concrete cover is d,=50mm ,

from which the length d; can be simply obtained.

For the first part of this section, verification with an
experimental result according to [9] is presented. This
verification is depicted In Figure 7 where the effect of
tensile steel reinforcement on the strain in FRP at the plate
end is examined. The geometry and material specifications
used in Figure 7 are: Lp=400mm, L=350mm,
h=w=w~150mm, t=0.lmm, t~=1.6mm, E,=3.3GPa,

v,=0.435, Ep=159GPa, E;=27.8GPa, E;~200GPa.

In this part of the specimen, where concrete has linear
behavior, the relation between the applied force and the
axial strain in FRP layer is depicted. Based on the
experimental and the finite element solution adopted from
[9] and the solution presented, it can be seen that a good
correlation between experimental, FE and current study
exists. Figure 7 also, shows that for a specific applied
force, as the tensile steel increases, the strain in FRP
reduces.
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Figure 7. Comparison between the experimental, FE and
analytical solutions, A, is in mm?.

For the rest of the results, some simulations are given to
examine and compare FE with analytical solutions. In this
respect and in order to illustrate evident stress
distributions, an alternative model is presented. The
geometry and the material specifications are changed.
Thus, in Figures 8 to 20, the geometry of the beam and the
materials specifications are: Lp=4500mm, L=4200mm,

h=450mm, w,=w=200mm, t,=1.5mm, tp=6mm,
E;~0.814GPa, v,=0.37, Ep=37.23GPa, , E.=27.99GPa,
E~200GPa. '

In Figures 8 and 9, the concrete beam is simply
supported under central point load with the amount of
P=100kN. The effect of the tensile steel reinforcement on
the interfacial stresses at the plate end is illustrated in the
figures. It can be observed that as the reinforcement
increases, the interfacial stresses reduces. It is also shown
that the critical zone at the FRP plate end for the shear
stress distribution, is much grater than the one for the
normal (peeling off) stress distribution. The critical length
for the shear stress distribution is about 140mm. This
length for the normal stress distribution, where the stress is
tensile, is about 10mm.
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Figure 9: The effect of the tensional steel bars on the interfacial
normal stress at the end plate based on the analytical solution, A
is in mm®,

Table 1 shows the corresponding applied loads induced
primary and secondary cracks, calculated both in
analytical and numerical solutions. The difference between

the analytical and the numerical results indicates that the
mathematical solution gives overestimation of applied
load prior to the first crack and the numerical solution
considers more flexibilities of the beam behavior.

The effect of the tensile reinforcement on the
interfacial shear stresses at the cracked region in midspan
is presented in Figure 10. Application of a point load of
about 28.5kN results in the formation of the primary crack
pattern. From this figure, it can be seen that increasing the
tensile steel reinforcement reduces the interfacial stresses.
The interfacial shear stress decays in a parabolic manner
with the maximum amount at the neighborhood at cracks
position towards a distance apart from the cracks position
about 100 mm and it could be negligible.
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Figure 10: The effect of the tensional steel reinforcement on
the interfacial shear stress at the cracked region. Comparison

between the analytical and FE solutions. Ay is in mm?,

TABLE 1. PRIMARY AND SECONDARY CRACKS LOADS BASED ON THE ANALYTICAL AND NUMERICAL RESULTS

Analyt1ch mthod (equ1.11br1um Numerical method
equations in the section)
Primary cracks load Primary cracks load Seconc:g;};l cracks
Unreinforced beam 23.5kN 19.25 kN -
Ag=1000 mm*(4®18) 27.5 kN 22.25 kN 29 kN
Ag=2500 mm*(4028) 34 kN 2725 kN 37.75 kN

The interfacial shear and normal stresses obtained from
the analytical and the FE solutions for the situation of
unreinforcement, are sketched versus distance from FRP
plate end in Figure 11. A central point load of 25kN is
applied under which the cracking of the beam starts
according to the analytical solution. It can be observed
that the critical length in the FRP plate end in which the
interfacial stresses are active is about 20mm for shear
stress and 12mm for normal stresses. The latter one is
tensional at the vicinity of end plate up to 3mm and its
compressive between 3mm to 12mm from FRP plate end.
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Figure 11: Comparison between the analytical and FE solutions
for the interfacial stress at the plate end for the unreinforced
beam.
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In Figures 12 and 13, when a mid-span point load of
P=29kN,which is the load prior to the formation of the
secondary cracks, is applied to the beam with the
reinforcement of A;=1000 mm? the variation of interfacial
stresses are presented at the critical distance from cracked
region and FRP plate end. In these figures, the results
from the FE and the analytical solutions are compared. By
comparing these figures, it can be concluded that the
interfacial stresses at the cracked zone are much higher
than those at the plate end. Also, it can be seen that the
critical length in the FRP plate at the plate end and the
cracked zone in which there is the shear stress distribution,
are almost identical and are about 100mm from the plate
end and from the cracked location respectively. The
critical length for the normal stress distribution at the plate
end is about 10mm which is much smaller than the one for
the shear stress distribution.
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Figure 12: Comparison between the analytical and FE solutions
for the interfacial stress at the plate end, A:=1000 mm>.
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Figure 13: Comparison between the analytical and FE solutions
for the shear stress at the cracked region, A=1000 mm?,

In Figures 14 and 15, a point load of P=37.25kN which
if the load prior to the formation of secondary cracks, is
applied to the beam with the reinforcement of
A~2500mm’. The interfacial stresses at the plate and at
the cracked zone are examined. In these Figures, FE and
analytical solutions are compared. Again, by comparing
these figures it can be concluded that the interfacial

stresses at the cracked zone are much higher than those at
the plate end. Similar to the previous results, it can be
observed that the critical length in the FRP plate at the
plate end and the cracked zone in which there is the shear
stress distribution, are about 100 mm from the plate end
and from the cracked location, respectively. In addition,
the critical length for the normal stress distribution at the
plate end is about 10mm.
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Figure 14: Comparison between the analytical and FE solutions
for the interfacial stress at the plate end, A=2500 mm>.
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Figure 15: Comparison between the analytical and FE solutions
for the shear stress at the cracked region, A;=2500 mm>.

Finally, in Figures 16 to 20 a parametric study on the
variety of the thickness of the adhesive is presented. In
these results, the beam has tensile steel reinforcement
,A;=1000 mm’ , and a point load of P=24.25kN is applied
to the beam. This is the load under which the cracking
condition from FE and analytical solutions would be
almost similar. In these Figures, analytical and FE
solutions are compared. Figure 16 shows the effect of the
thickness of the adhesive on the interfacial shear stress at
the cracked zone. In Figures 17 to 20, the effect of the
thickness of the adhesive on the interfacial stresses at the
plate, are examined.

61 Amirkabir / Vol.19/ No.68-C / (Civil Engineering) / Spring - Summer 2008 @@



1.4

{
i
i
h

[reamsm |
T | |t FE( tg w2mm) ; /’
& 1241 [ /
= I ar FE( 5 =2.8mm) ] /
5 | |- & Analytcai(ta =t 5mm) |
| ! /
q 11 {= 9= Analytical( ta=2mm) | / /
9 E [ -- Analy\lml(!a~25mm)] / 7
a 081 / /,{/
£ ras
3 : ;
s osd
&
£
«
2
£
7]
@
@
£
7]

i

,

i

100959085&075706560555045403530252015105
Distance from the Cracked Region (mmj}

Figure 16; The effect of the variety of thickness of the adhesive

on shear stress at the cracked région based on the results
obtained from the analytical and the FE solutions, A&~ 1000mm>,

.00 sgomormmree o v e - —
%m FE(ta=t Smm)i

008 | =~ FE{ ta=2mm) \

< AN |a-rettgmzsm |

[T \

NN «

g =

—~ 008 \x

s

@

a 005

2

o

T om

=

o

‘w0034

g - e

® o \“{t\wﬁ:f;‘tj*

v g,

3 ey

2 : S o

» oot

|
0 b SRR S

0 5 101520253035404550556065707580&59095100
Distance from the Plate End (mm)

Figure 17; The effect of the variety of thickness of the adhesive

on shear stress at the plate end based on the results obtained
from the analytical solution, A=1000 mm?.

QU7 worr o m e o

i —-—Analytlcal(ta —1 Smm)

006 | !+Nvalyt)cal(tg =2mm) |
[ e Analica(tg =2 5mm) |

001

Shear Stress in the Adhessive Layer (MPa)

0

:

i

|

]

I

0 5 10 15 20 25 30 35 40 45 50 55 60 €5 70 V5 80 85 90 95 100
Distance from the Plate End (mm)

Figure 18: The effect of the variety of thickness of the adhesive
on shear stress at the plate end based on the results obtained
from the analytical solution, A=1000 mm’.

0.05
@ FE(ta =1.5mm)

b FE{ tg =2mm)
-~ FE( tg =2.5mm)

Normal Stress in the Adhessive Layer (MPa)

w\\\i\z;iw%'%é’smmwesm%m

001 e

Distance from the Plate End (mm)
Figure 19: The effect of the variety of thickness of the adhesive
on normal stress at the plate end based on the results obtained
from the FE solution, A=1000 mm?.

0.08

[ o Analytcal t =1 5mm)‘1
| = Analytical(ta =2mm)
0.04 {

Q.03

0.02 -

Normal Stress in the Adhessive Layer (MPa)

‘W‘Xﬁﬁsosseoasmmeoeswssuo

Distance from the Plate End (mm)

Figure 20: The effect of the variety of thickness of the adhesive
on normal stress at the plate end based on the results obtained
from the FE solution, A;=1000 mm®.

Similar to the previous results, it can be observed that the
critical lengths in the FRP plate at the plate end where
there is the shear and the normal stress distribution, are
about 100mm from the plate end for the shear stress and
10-12mm for the normal stress distribution.

From all the simulations in the parametric study
section, it can be concluded that by increasing the
thickness of the adhesive layer the interfacial stresses
decrease.

7. CONCLUSIONS

Based on the current research, the interfacial stresses in
a retrofitted RC beam are seen to be critical at two
focations. One at the plate end and the other at the cracked
zone. Analytical and FE solutions are presented to predict
these stresses at the plate end and at the cracked section
when there is one single crack at the middle section of the
beam. In order to define the stress distribution at the
cracked region, the equilibrium method using strain
compatibility condition is implemented. For the beams
with tensile steel reinforcement, the analytical and FE
solutions are compared with each other. The intensive
parametric studies are carried out to examine the influence
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of tensile steel reinforcement and adhesive thickness on
the interfacial stress distribution. Based on the results
obtained from the analytical and the FE solutions when the
tensile steel increases, the interfacial stresses are declined.
The thickness of the adhesive has a similar effect, that is,
when the thickness of the adhesive increases the interfacial
stresses decrease.

Based on the FE results, before the formation of the
secondary cracks, the stress distribution pattern at the
cracked region is continuum and exponential. But after the
formation of the secondary cracks, this stress pattern
becomes non-uniform and noisy specifically at the cracked
locations. Therefore, here, assuming the nonlinear
characteristics of the concrete, the results would be closer
to the experimental ones.

Finally, comparing the analytical and the FE results,
there would be observed a difference of about 10-20%.
The difference rises by increasing the cross section of the
reinforcement used. This would be because of the
difference of the condition of the application of the tensile
steel in the analytical and the FE solutions. There is no
doubt that the FE solutions considers more flexibility and
degrees of freedom in the model and hence, gives more
precise results. However, a closed form solution with
some approximations recommended in this research,
would be obviously a less time consuming and proper
effort for estimation and prediction of the interfacial stress
distribution in a RC beam retrofitted with FRP,
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