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Abstract
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controller using singular perturbation approach. First, using normal form equations, we
! eliminate the nonlinear part of the system matrix of equations of system and transform it to
| a linear diagonal form. Separating new equations 10 both slow and fast subsystems, due to
| the singular perturbation approach and with the assumption of norm-boundedness of the |
fast dynamics, we can treat them as disturbance and design H_ controller for a system |

| with a lower order than the original one that stabilizes the overall closed loop system. The |

proposed method is applied to a single link, flexible joint robot manipulator.

Keywords

Introduction

In linear control theory the solution of state feedback H_ problem has proved to be
instrumental while solutions to the resulting Hamilton-Jacobi-Isaac (HII) inequalities in
nonlinear H _ control problem are usually extremely difficult to obtain. On the other hand it is

proved that if the H_, control problem for the linearized system is solvable then locally, one

obtains a solution to the nonlinear H_ control problem [1]. Also using singular perturbation
 theory for systems with two (or more) time scales, one can circumvent most of the controller
design difficulties for complex multi dimensional systems.
In this paper we consider the robust regulation of a class of nonlinear systems that is affine
in input. We attempt to eliminate the nonlinear part of system using normal form theory [2],
and then using the singular perturbation approach, separate the slow and fast modes of it. The
idea that one can consider the fast dynamics of a singularly perturbed system as disturbances
first is discussed in [3]. In fact if we have a system with both low and high frequency
dynamics in its frequency response, it almost has a lower gain in high frequencies than the
low frequencies, for example this is true for many mechanical systems that act as low pass
~ filters.
With this idea, we can use the H_method to design a robust controller for the slow
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subsystem as the nominal plant. In fact we consider one part of a system as uncertainty and
then design the controller for the remaining certain part of system with an order less than the
original one. It is important that choosing a part of system as uncertainty is not optional since
the small gain theorem must be hold. The small gain theorem says that a system consists of
two subsystems with g, and g, gains, is stable if g,.g, < 1. Now if we suppose that one of
these subsystems is the system related to slow dynamics with the gain g, and the other is
related to the fast dynamics with the gain g,, and also consider the subsystem with high
frequency dynamics as uncertainty then the whole system is stable when g,.g, <1.

The only information we need is the H, norm of uncertain subsystem and no need to any

other dynamical information. With this method we consider the main system via a technique
as a system with a dimension less than its actual dimension.

The main contribution of this paper is to use the normal form equations for eliminating the
nonlinearities from the system matrix up to the desired degree; using singular perturbation
approach to separating the dynamic modes of obtained Jordan form equations of system;
using the idea stated in [3] for considering the fast modes of system as uncertainty and then
designing an H controller for the slow part of system as the nominal system that stabilizes

the whole closed loop system.
In section 2, use of normal form equations to eliminate the nonlinearities of system matrix

is stated. In section 3 the H_ controller is designed for the nominal system, and in section 4
the designed H _ controller is applied to a single link flexible joint manipulator as simulation
results.

1- System definition
Consider the system of nonlinear equation

% =f(x)+g(x)u ¢y

Using the Taylor expansion of f(x)and g(x) about the equilibrium point (without loss of
generality at the origin) and noting that f(0)=0, we have:

X = %(O)X + 1)+ (° + 2 @
where

f(x)= f(x)—%(O)x 3)

gx)=g(0-g"g" =g(0)
o . of . .
Now we use a similarity transformation to transform —a———(()) into Jordan canonical form.
X

With the transformation x = Tw, equation (2) will be:
. g 0f . 17 0 o
w=T 5}(—(0) Tw+TH(Tw)+T (g +g(Twhu @

equation (4) can be written as
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W= Jw + F(W) + (G + G(w)u &)
We expand F'(w)and G(w) by Taylor series, so that equation (5) becomes
W= JW A+ Fy (W) + F3 (W) o+ Fey (W) + O(w|" ) +(G+ G, (W) +G,(w) +..)u (6)

- which F,(w)and G, (w)shows the order i term inw. We now perform a series of coordinate
transformations to eliminate the nonlinearities [2]. The first is

y=w-hy(w)
7
v = ay (W) + (4 B (W)u o

where h,(w)and a,(w) are second order functions inw and f,(w) is a first order function
nw.

Substituting equation (7) info equation (6) and using the assumption in [2] we will have

y = Jy + Gv + [Jh, (W) = Dhy(W)Iw + E, (W)~ G, (w)]
+F5 (W) + ot By (W) +O(wW]) (8)
+GB (w)u — Dh, (w)Gu + G (w)u

We can choose h,(y)and a,(w) and f,(w)as below, so as simplify the second order
~terms in equation (8)

Dh, (w)Iw — Jh, (W) + Ga, (w) = F, (w) )
G, (w)u + Dh, (w)Gu = G;(w)u

We transform equation (8) using

y=w-—h;(w) (10)
. v :ar(w)+<1+ﬂr—l(w)

where A, (w) is third order inw, and with the same procedure, equation (8) will be

transformed to
y=Jy+Gv (11)

with an error of order 7 + 1. In order to eliminate all third order terms, we can choose h,(w),

a,(w) and f,(w) so that

Dh (w)Jw —Jh; (W) + Ga, (w) =F's (w) (12)
Gf, (W)u+Dh,(w)Gu =G, (wu .

Equations (9) and (12) are special cases of a more general equations named homological
equations
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Ljh=Dh Iy~ Ih, (1) + Ga, ) =F 13)
Gf,_; (y)u +Dh, (¥)Gu = G ()

where h, aand pfare unknown and F is the known vector field. This is a linear operator
acting on a linear vector space [2].
To solve equation (13) uniquely, (J+ B(w))™" must be exist, also the set of eigenvalues of

J, A={A,..,A,} must be non-resonance, i.c. there is not relation of the form A, = im,x‘ti
i=1

~where m, >0 are integers and Y ;m, 22.
The action L,(.) can be shown that is

L;(hy (w)) = Dhy (w)Iw = Jhy (W) + Gy (w)

0 (14)
= ijlj~li hy (W) +Gay (W)
=i

Thus in the case of non-resonance equation (13) can be solved uniquely and nonlinearities
are eliminated by the nonlinear transformation. In the resonance case, all nonlinear terms

except those terms associated with zero eigenvalues for L, (.), can be eliminated.
In the case of non-resonance we have

y=Jly+Gv (15)
where J is a diagonal matrix of system eigenvalues.

2- H_ Controller
Consider the system of equation (15). Suppose that we can recognize the slow and fast
dynamics of system and decompose it into two subsystems as

;>'.<1 =A; X, +Bu (16)

X, =AypX,; +Byu

where y is a permutation of elements of X, (the slow dynamics of system) and of X, (the
fast dynamics of system), and G is also a permutation of elements of B,and B,, also for

simplicity we replace vwith « again ( remain that in applying the designed controller on the
main system, we must turn it in the main coordination) .

As mentioned earlier we will consider the stable subsystem with fast dynamics as
uncertainty A. This means we need to rewrite the system (16) so that the fast dynamics
appear as disturbance to the nominal system.

We apply a state transformation [X,,X,]" = M[X »X,1" = MX to the system, where M

. has the structure

M=[M“ M”] (17)

0 My

The equations of system (16) after transformation are (see Figure 1)
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X =AX+Bu
where

X:M—lli/\n O}M:{X” _7512}

0 Ay 0 Ay

—B_:M‘l[glil=[§’ ] (19)
2 2 _

The new equation for the fast sub-system, or uncertainty block, is

(18)

X, =KX, +B,u (20)

1
Also, the equations for the slow sub-system, or nominal block, become

Note that the coefficient of X, in the fast sub-system is 0.

All le §1

P~1C 'Eu Dy b

C, Dy O

Z=CX; +D;; X, +Dpu,

Y =G, X, +DyX, @1

where

E1 =C1M1—11a E2 :CzM;L

(22)
Dy = ‘CIMI—IIMIZM;;DH =Dy, —Cle—llMle;;-

In Figure 1, Z is the input to the uncertainty block.
It is considered that the fast dynamics are exponentially stable. Indicating the transfer

function by A(s) = (sI — A,) 7B, |A|Lo < 7, . The infinity norm of uncertainty block (fast sub-
system) after transformation will be 7, ; since

A(s) = M3 (s1—Ry) ' B, =
M;; (s1- M22A22M5;)~1M2282 = A(s)

thusy, =7,. DT
. X, =A,X, +B,us Z—X
X, Ay
Nominal
> X, = Ay X+ Ap X, + B >y
> Y
Uu
H_ —controller|g
Figure (1) Block diagram of system with fast dynamics as uncertainty.
33
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The H_ controller design problem for the system shown in Figure 1, will lead to a H,
controller for the slow sub-system. The H controller will be designed here via state feedback
(or full-information). The next step is to determine 7, = min y , where ¥, indicates the H -
norm of the controlled slow sub-system, and a corresponding controller that achieves this.
" The transformation M must be chosen so 7,.7, <1. M can be found by trial and error.

It is straightforward to verify that the slow sub-system is stablizable and detectable. It then
follows [4] that 7, is the smallest value of y such that that the eigenvalues of the
Hamiltonian matrix

- ;&11_ 7 PR AL - BB/
-GG - Al

are not on the imaginary axis. Also [4], for any y > 7,, there is an internal stabilizing
controller such that HT %, “ <y if and only if there is a positive semi-definite solution X, of

the algebraic Riccati equation
AT Xo + XAy + X, (7 PR AT, - BBNX,, + G/ G =0.
In this case, a suitable feedback is
u(t) =KX, (1), K=-BX,X,®. (23)

3- Simulation Results
Consider the equations of a flexible-joint robot manipulator [5] as follows

% =f(x)+g(x)u
~ where

T
X =[X11, X2, X2 X 22

X2
_Tglsinxu——xn
f(X = 1 >
) 'g‘xzz
~1omgl . 1 af a(l+1) yij
— Sin X, + ———Xy; ————"X,; ~—X
» nF TR ETREC
[0
0
gx)=| ¢
e
L&

This system has an equilibrium point at the origin, also f(0) =0. The first state shows the
position and the second, the velocity of robot manipulator. The object is to design a controller
that the position of manipulator reaches from zero state to zero.

Using the Taylor expansion about the equilibrium point we can write
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% = 2L 0y + T + g0
Ox

. . 0 . .
Using the transformation x = Tw we transform BJ: (0) into Jordan canonical form
. X

w = Jw + F(w) + G(w)u,
J = diag{-.1023 + 4.77671,~.7727 + 44.8839i},
G(w) =T g(Tw) = [14.7478 £ 2685i,~.1144 & 24.52731]" =G

Noting that the eigenvalues of J belong to two clusters (fast and slow), we can separate the
~ whole system to two sub-system as follows,
The slow sub-system

w, = w, +F(w)+Ggu,
J, = diag{-.1023 +4.7767i},

Fs (W) = [Fsl (W), FsZ (W)]’I ’
Gs = [GSI’GSZ]'

The fast sub-system

We =JTpwp + F(w)+Geu,

Jp = diag{-.7727 *+ 44.8839i},
Fp (w) = [Fpy (W), Fea (W1
Gy =[Gy, Gpa)

~ The fast subsystem is asymptotically stable (noting its eigenvalues) and has bounded norm
A, =31.7253. Thus it can be considered as uncertainty block in Figure 1.

The slow sub-system is
W = Jowg + Fyg (W) + Fsg(w) + ..+ Gu,

where

:—1(—1 1.64 ~ 261)(x;,)°
Fi (W) = 21
—6—(—11;64 +.260)(x,,)

x=Tw

and F,, (w) contains the order of five terms, and so on.
Applying a coordinate transformation to eliminate the third order nonlinearities, we obtain

X =3Xe +Gou+0(x),
X, =1, X, +G,u+0(xX")

Using transformation X = MX , with

35 Amirkabir/ Vol.15/No.60-A{Electrical Engineering)Fall-Winter 2004-2005 Cj\
e //,A




M, =M,, =L M, =.0433,M,, =0

and theorem 1, we apply H _ controller of equation (23) to the system, then the regulation of
slow modes of system that represent the position and velocity of flexible joint robot
~ manipulator is shown in Figure 2. In Figure 3, the behavior of fast dynamics that are modeled
as uncertainty is shown. Figure 4 shows the controller output and also the disturbance
attenuation.

4- Conclusions

In this paper the robust regulation of a class of nonlinear systems using singular
perturbation approach is considered. First using the normal form theory the nonlinearity of
system matrix is eliminated up to the desired degree. With the assumption about norm-
~ boundedness of the fast dynamics and considering them as uncertainty, we have designed H

controller for a reduced order system (slow subsystem) but the whole closed loop system will

be stable.
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Figure(2) The dominant modes regulation.
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Figure (4) The controller output and the disturbance attenuation.
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