Thus the rank of a sequence would be computed by the following formula:

n-] my

r_1+zzsn ~i+1

i=1 =1

The unrank algorithm will perform the reverse operations of the rank algorithm. For a
given number r as a rank, the corresponding sequence B, =(b,,b,,...,b,)is computed by the

following operations: Initially all &’s (i=1,...,n)are set to zero. Later r is compared with
§;"'s (1<j <n) and we get maximum j such that 7+ which is less that ». When this, is found,
each element of the sequence from 5, to , are added by 1. Later r =r-S*' is computed and
we get next maximum j such that S7 <r and each element of &, to &, are added by 1, and we
set r =r-S} . These operations are repeated untill in computing any 5, we can not find aj such
that §7** <r

Similar to P-sequences, the time complexity of ranking and unranking algorithms for
Ballot-sequences is also O(n%).

4-Conclusion

New recursive algorithms for the generation of the P-sequences and Ballot-sequences are
presented. These algorithms have same construction and produce isomorphic recursion trees
with the same properties. Each node of the recursion tree shows a sequence generation and the
number of nodes in each recursion tree is equal to C,. Therefore, the algorithms generate each
sequence in constant average time O(1). The time complexity of ranking and unranking
algorithms presented for both sequences is O(#?).
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modification of the corresponding results for P-sequence, and the ideas behind their proofs are
essentially identical.

As it is mentioned before, there is a close connection between a P-sequence
P =(p,,p,,---»p,)and a Ballot-seqeunce B, =(b,,b,,...,,), such that for any sequence we have
b, +p;, =n . For example, the Ballot-sequence for the tree given in Figure 1 would be equal to
Br=(4,4,4,2,2,0,0).

The generation algorithm of the Ballot-sequences GenBallot-Seq in Figure 5 is constructed
by modifying one instruction in the algorithm GenP-Seq. This procedure is also called with
three parameters ‘Bs' , '»’ and 'n —1', where 'Bs’ is an array which holds the sequence and
initially is equal to (0,0,...,0), and '» is the number of nodes. It should be noted that the
generation of two sequences are performed independently, without considering their
connection. This algorithm produces each code by incrementing the elements of 'Bs’ by 1,
from the leftmost element, one by one.

The recursion tree of the generation algorithm of these sequences is isomorphic to the tree
given in Figure 3 with different labeling. As it illustrated, incrementing of an adjacent element
of a sequence causes moving to the next sibling of the recursion tree and incrementing of the
same element causes going down on the level of the recursion tree. Therefore, the discussion
of the verification and the analysis of this algorithm would be similar to the verification and
analysis of the GenP-Seq. Consequently, the number of nodes of the recursion tree implicitly
constructed by algorithm for generating n-nodes binary trees in equal to C,, and each code is
generated in constant average time O(1).

Procedure GenBallot-Seq ( Bs : Bseq; %, /: Integer );
Var
Jj:Integer;
Begin
WriteBseq(Bs);
If(k>1)Then Begin
Ji=1;
While (j<=/)And(j<k)Do Begin
Bs[jl:=Bs[j]+1;
GenBallot-seq (Bs, k— 1,7 ) ;
Ji=jit1;
End ;
End ;
End;
Figure (5) Ballot-sequences generation algorithm.

3-2- Ranling and Unranking for Ballot-Sequences

Since, the recursion tree of this algorithm is isomorphic to the recursion tree of the
procedure GenP-Seq therefore the number of nodes in each subtree of both trees are the same.
S} 's (k,I =1,...,n +1) are also should be employed for the rank and unrank algorithms in this

section.
As we can see, all the sequences in the first subtree of the recursion tree have (s-1) zeros

and all the sequences in the second subtree have (n-2) zeros and consequently all sequences
in(n-1) th subtree have one zero. Therefore, for a given sequence B; = (b;,b;,...,b,) we will
compute a new sequence m=(m;,m,,...,m, ) where m; shows the number of elements in B,
which are greater or equal than i. Therefore m; will show the number of non-zero elements in
the code and shows the subtree that code is appeared. Therefore :';S 77 would be the

number.of codes generated before this subtree. Now, if we consider m;th subtree as an
independent tree, respectively the code would appear in the msth subtree of this new tree.
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expanded recursively for all the subtrees. Figure 4 shows all the values of § Jfor 1<n,j <5.

By the above results, we can see that the number of nodes in each subtree of the recursion tree
in Figure 3 is equal to S} =3,8} =5and S} =5.

=T 2 | 3 | 4 | =
n
1 1
2 1 1
3 1 2 2
4 1 3 5 5
5 1 4 9 14 14

Figure (4) The values of S;’ formandj=1,2,3,4,5.

Now, for computing the rank of a tree, by employing the above results, it is enough to
specify the position of its corresponding code in the recursion tree. The position of a code,
corresponds to the position of the corresponding node in the recursion tree. In order to specify
the position of the following code P =(p,, p,,..., p,), the difference sequence, (my,my,...m,_;),

where m; =n - p,(1<i<n-1)is computed. The code appears in mth subtree of the recursion
tree and Z ",1’1S 7 show the number of generated codes in the previous subtrees including the
=

root of the tree. If we consider the m;th subtree as an independent tree, then m, will show that
the tree code has appeard in m;th subtree of this tree and recursively Z :: S77" will show the

number of generated codes before this subtree and so on. Consequently we can write:

n-1 m;

r=1+ ZS}H”

i=1 j

—

Using above formula an algorithm for computing the rank of a tree sequence can be
implemented to run in time O(»?).

The unrank algorithm, takes r in the range of 1...C, as input and returns the P-sequence
Pr =(py, py>---, P, ) Of the related binary tree. The unranking algorithm essentially reverses the
steps carried out in computing the rank. According to the rank of a tree, the position of its
sequence in the recurrence tree, the position of its sequence in the recurrence tree, is specified.
The position of a sequence in the recurrence tree, depends on the number of times that each
element is decremented. Therefore, this position is obtained by using Sf’s (1<k,I<n+1).In
the unranking algorithm, the value of all p’s (i = 1,... ,n ) are initially assigned to #. In the next
step, the maximum j for which §7*' <ris found. Then p, is decremented by j, and later

r=r-Si* is assigned. For evaluating p,, next maximum j is computed such that 57 <, and p,
is decremented by j, then we set r=r-S?. The above operations are repeated untill in
computing any p;, untill we can not find a j such that § 727 <rin conputing p,. Considering

the above discussion, the complexity of the unranking algorithm is O(n?).

3-Ballot-Sequences
3-1-The Generating Algorithm

The generation of the Ballot-sequences with a new scheme and the corresponding ranking
and unranking algorithms are given in this section. Many of result of this section are simple
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Clearly

2
Gg_lzcn=--l-—( n) .o
n+l{n

The time required for the generation algorithm can be also obtained by the previous
theorem. In order to generate C, sequences, the algorithm is repeated C, times, and each time
one code is generated. Therefore the algorithm generates each seqeuence in costatnt average
time O(1).

The algorithm needs stack space to implement recursion, since the ordering of the
generation is according to the dept-first search of tree T, , therefore this space would be equal

to the depth of 7, . For any #n the depth of this tree is equal to n. Hence this algorithm requires
a stack space of O(n).

2-2-Ranking and Unranking for P-Sequences
In this section we will develop two algorithms for determining the rank and unrank of any
feasible sequence. To do this a class of numbers will be defined and some of its properties

discussed.
In general a ranking function £, for an algorithm generating the element of some set S, is a

bijection f :S —{1,2,...,|S |} such that f(s)=i if and only if the ith element generated by the

algorithm is s (s is an element of §), we refer to i as the rank of s. The unranking function is the
inverse function of f ,f ™ : {1,2,...,|S } > and f ~'(:) =s such that ; is an index in the range of

{1,2,...,]5 [} and s is an element of S. We wish to find efficient algorithms for computing f, and

A
Here for ranking algorithm, we need to know its index with respect to the generation

scheme of the procedure GenP-Seq. The ordering of the generation is according to the depth-
first search of the recursion tree (for # = 4 denoted by Figure 3 ).
As it is mentioned earlier, G?, denotes the number of nodes in the recursion tree. From the

previous equations we have:
G!, =1+G! " +G]" +--+G!7,

where 1 counts the root of the recursion tree and G;”'(1<j <n -1) counts the number of nodes

in the jth subtree of the recursion tree. For computing the rank of a tree, we count the number
of generated trees before this tree, therefore we define:

0 for 1>k,
st =11 for =1,
G}!;' for k>landl <k.

Lemma., Fort>1and /<&,

!

Sf=ys8

=

Clearly C, =G, =8;" =37 S . By definition of G/and by considering the recursion
tree, we can easily observe that S for 2<; <n counts the number of nodes in the (j -1)th
subtree of the recursion tree, and S, denotes the root of recursion tree. This relation can be
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Procedure GenP-Seq ( Ps: Pseq;k /: Integer );
Var
J:Integer;
Begin
WritePseq(Ps);
If(k>1)Then Begin
Ji=1;
While(j<=/)And(j<k)Do Begin
Psln—k+1l:=Ps[n—-k+1]1-1 ;
GenP-seq (Ps, k—1,/);
Ji=jt1;
End ;
End ;
End;
Figure (2) P-sequences generation algorithm in the B-order.

I

/ / \ )
l B ! 1344 1244
3334 2334 2834 1384 1234

Figure (3) The recursion tree of the algorithm Gen P-Seq for n = 4.

Now, the verification and the analysis of the algorithm are discussed. Obviously, the
number of nodes of the recursion tree is the number of times that GenP-Seq is recalled and in
each recall the nest sequence is generated. With regard to the generation algorithm GenP- -Seq,
the number of times that GenP-Seq is recalled can be obtained from following recurrence
formula:

1
Gf =1+ G¥' for j<k-1,
i1

Where Gf denotes the number of time that algorithm GenP-Seq is recalled with the parameters

s’,’k’ and ‘I’ Here, 1 stands for the unique generated code in each recalling of the algorithm
GenP -Seq, and G is equal to 1. Now, if we show that G/, is equal to C, the verification of
the algorithm is proven.

Theorem. The total number of codes generated by GenP-Seq is eual to C, .
Proof. Recall from [1], we can write:

k+1) k-
G{cz +11k 1+1
1 k+1
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Similar to Rotem’s algorithm [7], this algorithm will also generate all Ballot-sequences of the
same length in their lexicographic order, where the rightmost digit is the most significant one.
We will call this order Ballot-order.

Each Ballot-sequence is obtained from P-sequence by replacing the integers n, n-1,...,2,1
with 0,1,...,n-1 in the corresponding places. Therefore, the Ballot-sequence of a binary tree 7 is
an integer sequence B, =(b,,b,,...,b, ), where b; is the number of unvisited internal nodes

during visiting the ith external node in the preorder traversal of 7. In spite of the mentioned
connection the presented algorithms generate each sequence independently, without
considering this connection.

For both sequences, P-sequences and Ballot-sequences ranking and unranking algorithm
with O (n?)time complexity are also presented.

2-The P-Sequences
2-1-The Generating Algorithm

In this section, an algorithm for the generation of P-sequences is presented. Clearly, for the
given binary tree 7' denoted in Figure 1, the P-sequence of 7 would be the integer sequence

Figure (1) Sample tree.

P, =(3,3,3,5,5,7,7), where each integer in position ishows the number of visited internal
nodes before the ith external node in a preorder traversal.

The algorithm Gen P-Seq given in Figure 2, generates these sequences in the B-order. This
algorithm is recursive and is called with three parameters: ' Ps’, ' n” and ' n-1/, where ' Ps’ is an
integer array of size » and is equal to (#, ...,n) initially, and ' n” denotes the number of nodes.

The algorithm produces each code by decrementing the elements of * Ps by 1, from the
leftmost element, one by one. The generation starts from Ps=(n,...,n) and all the elements of
'Ps’ become n-1 except the nth element, then the decrementation restarts from the beginning.
The construction process for » = 4 is demonstrated in Figure 3 by a recursion tree. As we see,
the decrementation of the adjacent elements in a sequence causes downwords move on the
levels of the recursion tree and decrementation of the same element causes a move on the
adjacent subtrees.
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Abstract

We use two recent codings of binary trees by integer sequences called P-sequences and Ballot-
sequences in order to generate binary trees in B-order and Ballot-order. These algorithms generate :
each sequence in constant average time O(l). The ranking and unranking algorithms Jor both :
| sequences with o) time complexity are described. f
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I-Introduction

There is a considerable interest in the computer science community about exhaustive
generation of binary trees. In generating trees, a desirable goal is to keep the running time
required to create the representation of two consecutives trees constant. There exists several
'sequential algorithm on the generation of binary trees with a fixed number of nodes in recent
years [2, 3, 5, 8, 9]. In some of these algorithms binary trees are represented by integer
sequences and the corresponding sequences are generated.

P-sequences introduced by Pallo and Racca [5], are integer sequences characterizing all
shapes of n-noded binary trees. The P-sequence of a binary tree 7 is an integer sequence
Pr =(py, ps,..., i) Where p, is the number of visited internal nodes before the ith external node

in the preorder traversal of 7, and |7] denotes the number of internal nodes in the binary tree, it
is noted that the assigned value to the |71+1 external node is always equal to pir =nand

therefore it is discarded. We present here an efficient algorithm that generates each sequence
in constant average time O(1). The given algorithm is based on the ideas of the previous
algorithm presented by the above authors, which generates the bit representation of binary
trees, with adjacent interchange [1]. The corresponding binary trees to the sequences, which
our algorithm generate, are in B-order. Recall from [5], given two trees T and 7 with n nodes,
T <7’ are in B-order if Py is lexicographically less that P, (for the other B-order generation
algorithms see [8,9]).

The next sequences which characterize the binary trees are Ballot-sequences presented by
Rotem [6, 7]. Ballot-sequences are some of the entries of the inversion table [4], that must
satisfy specific properties. The inversion table of a permutation 7 on N ={,2,..., s} is taken to

mean an n-tuple B =(b,,b,,...,b,), where b, is the number of elements in 7 which are greater

than i and appear on its right. Clearly, each entry of the inversion table must
satisfy0<b, <n-1. In addition to that, if b, >5,,, fori<i <n-1, then B is called a Ballot-
sequence [6]. Another algorithm is presented that generates each Ballot-sequence in constant
average time. This algorithm is based on the ideas of the P-sequences generation algorithm.
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