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inf (I Q) xil: pe M, (G) }=dis (x, Ky, i) forallxe H

Proof. Let {u, } be a net in M, (G) which
satisfies llug* pu * pll — O for any p e M, (S).
For any y € Hand pe M, (G) we have

X (o) (v - T (W) yll = 10X (o) ¥ - IE (o * ) yll
= I (p - o * o) I

< W(pa - fa * Il liyll = 0

hence by linearity of II (p,) we conclude
that III (ug)zll > 0foallze Ky

Now given € > 0 there is z ¢ Ky such
that llx+zll < dis (x, Ky ) + & and since
I (pg) z Il - O, there is ag such that llII
(noo)zll <e. Hence :

HH (foo) XU < T poo (x + 2) I + T (o) Z 1

Slx+zl+¢

<dis (x, Ky n) + 2¢

Thus inf {III (W) x; pe M, (G)} < dis
(x, Ky n). clearly

{H@xpe M, (G) }&=x + Ky for all
xeH . ‘

Thus inf {l II (u) xll : pe M, (G) = dis
O, x + Ky p) = dis (x, Kyy) hence the result
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Corollary 3.2. Let G be a locally com-
pact topologically amenable group and {II,
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closure of K, yagrees with the set of all x e
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the set of all H € M (S)" of the form

H= ‘Z Fix(G-m0G) forsomekF, .. F,
Gy, .oy Goe M (S)" and p, .., p, in M, (S).
It is clear that“H is a linear subspace of
M (S)". For each H e’H let the orbit of H
O ={rOH: neM,(S)} and O(H) be
its closure in the norm topology (which is
of course the same as its weak closure,
since O (H) is convex).

Theorem 2.1. The following conditions
are equivalent
(a) M (S)"MTLIM.

b O0en (-)(_H) where the intersection is
taken over all H € H.

(c)sup {(H():pe M, (S)} =0forall He
(dinf{ll1-HI:He H} =1 .

Proof . (a) = (b) Suppose M(S)" has a
MTLIM, then by [8, 2. 2. 1] there exists a
net {u,} in M, (S) such that llp* py _ pell -
0 for any p in M, (S).

Then for any F, G in M (S)" and p in
M,(S) we have

1 © F X (G- L O G < it OF X G) - (1 * 1) © (F X G

Sla -1 * pall IFX GIl = 0
by linearity of 1, we conclude that Mg,
® HIl - 0, for all H €'H, hence (b).

B=©.

Suppose 0 e O(H) for all H e *H then for
any H e there is a sequence {u,} in
M, (S) such that Iy, © Hll - 0. Hence

i, © Hll = sup {H (. * V)l : ve M(S), vl 1}

> sup {H (s * V)l : v € M, (S)}

2inf {IH (U * V) : ve M, (8)}

> inf {H 8)l: 6 € M, (S)}

Amirkabir/Vol. 9/ No. 35

>inf {H(0): 0 M, (S)}

soinf {H(8):6e M, (S) } £0 and since
H is a sub space of M (S)” we conclude that
sup {H(6): 6 ¢ M, (S)} = 0 for all HeH.

(c) = (d). The assumption implies that
1+ HI=1forall H e’IH. If not there is
some H e such that Il + Hil=e < 1, in
particular 1 + H, (n) <efor all pe M, (S).
Hence sup {H, (u) :pe M, (S)} <e-1<0
which is a contradiction. SinceH is a sub-
space of M (S)" we conclude that II1 - Hll 2¢
for all H € “H. Therefore inf {ll1 - Hll: H
H} 2 1, since lI1ll = 1, hence (d) follows.

(d) = (a). Since by our assumption“H is
not dense in M (S)", using an argument sim-
ilar to [3, Lemma 3 (d) < (a)] one conclude
that M (S)” has a MTLIM.

Corollary 2.2. Suppose for any v, n €
M,(S) there exists A in M, (S) such that
v * A =n*A\, then M (S)" has a MTLIM.

Proof. Let H= i Fix (G- © Gy for
some F,, ..., F,, G,, .., G, in M (S)" and u,,
ey Wy in M, (S). Let 6 be an arbitrary but
fixed element of M, (S). By assumption
there exists 8, e M, (S) such that %6, = (u,
*@) * @,. Inductively suppose we have cho-
sen 8, ..., 8,,, then choose 8, e M, (8) such
that (8%, ...*¥0,,) * 6, = (1,¥6*...6,,)*6, Now
0%9,*...*8, ¢ M, (S) and it is easy to see that
(6%, ...¥6,) O H = 0 i. e. zero is in O (H)
and a fortiori in O(H) for all H € H, hence,
by Theorem 2.1, M (S)" has a MTLIM. '

h
3. Amenability and Representa-
tion of Locally Compact Groups

Theorem 3.1. Let G be a locally com-
pact topologically amenable group and {II,
H} a representation of M (G), then
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1. Extremely Amenable Semigroups
Let S be a discrete semigroup and A be a
uniformally colsed left invariant subalgebra
of m (S). Denote by P, the set of all h e
m (S) of the form h = Ig - 1,gl, for some g
A,se S.Alsolet H,besetofallhe A
which have a representation of the form
h= }n: f(g-1yg forsomef;, ge A, s¢€S,
1< jJ < n. In case A = m (S) we denote P,
by P. If m (S) is ELA we say that S is ELA.
First we offer a Lemma.

Lemma 1.1. Let A be a uniformally
closed subalgebra of m (S) then

(i) A is a lattice. If in.addition A is left
invariant then P, < A

() Iffe Aandf>0thenVf e A.

(iii) Im (fg)) < m () m (g for every
meanmon A and all f, ge A.

(iv) m (Ifl) = O implies that m (f) = 0 for
every mean mon A and f e A. '

Proof. (i) That A is a lattice is known by

[9], hence if in addition A is left invariant, ‘

then P, A.

(ii) Let m, (S) be the space of bounded
complex valued function on S with supre-
mum norm. With conjugation as involution,
m, (S) is a C* - algebra. Now A + iA is a
closed subalgebra of m, (S). If we consider
f as an element of the C - algbra A + iA, it
is easy to see that the spectrem of f is con-
tained in [0, «), in fact if A ¢ [0, ) then

1< 1 if ImAz0

lfl?»lsni if Imh=0

so by [1, Proposition 3.5] f = g* for some

- .self-adjoint, hence real-valued function g.

Therefore yf = ge A -
(iii) Similar to the proof of Cauchy -

10

Schwartz inequality.

(ivVIfm f =0thenm (f +f) =0, so
m{f)=mf)=0iem@)=0

Theorem 1.2. Let A be a uniformly
closed left invariant subalgebra of m (S)
with 1 € A. Then A is ELA if and only if
there is a mean me A’ such that m(P,)={0}.

Proof. Suppose A is ELA and m be a
multiplicative left invariant mean on A,
thenm (f-1,f)’=0forallfe A,se S. So
by Lemma 1.1, with f replaced by If - I, fl
and g replaced by 1, we obtain

(m(f-1F D)’ <m (f-1H*=0

hence m (P,) = {0}.

Conversely, suppose there is mean m e
A’ such that m (P,) = {0}. By parts (i) and
(ii) of Lemma 1.1 we have Ig - 1 gl e A,
for all g e A, s e S, therefore by Lemma
1.1 (iii) we have

Im (g - Lg"” Ig - g™ <m (Ig-Lgh) m (g - kg =0

hence m (g - Lg)*=0.
Now another application of Lemma 1.1
(ii1) shows that

m(f (g- kg’ <m(f) m (g- kg)’ =0

for all f e A. Hence by Lemma 1.1 (iv),
m (f (g - Lg)) = 0 i. e. m (H,) = {0}, there-
fore H, is not dense in A, so by [6, Lemma
3], Ais ELA.

Corollary 1.3. S in ELA if and only if there
is a mean m on m(S) such that m (P) = 0.

2. Extremely Amenable Locally

Compact Semigroups
In analogy to discrete case let’H denotes
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M (S)’ via the identification M (S)=C, (S)".
For F, G in M (S)" we denote the multipli-
cation of F and G by F x G. In [8] it is
shown that F x G is defined via the follow-
ing three steps.

(i) Forany pe M (S) and fe C, (S), i €
M (8) is defined by

Jgduf=J gfduforallge C,(S)

(ii) For any pe M (S)and G € M (S)’,
G x pe M (S) is defined by

f fd(Gx ) =G () forall fe Cq (S)

(iii) For any F, G € M (S)", F xGeM (8)
is defined by

(Fx G) (W) =F (G x ) for all pe M (S)

then M (S)" becomes a commutative
Banach algebra with identity [8, Theorem
1.23].

A TLIM, M on M (S) is called a multi-
plicative topological left invariant mean
(MTLIM) if

MFEXxG=MEM(@G)forallF,Ge M (S)’

Let G be a locally compact group and let
H be a Hillbert space and {II, H} be a rep-
resentation of M (G) (See [1] for definition
of representation). It is known that II is con-
tinuous, in fact I (u) Il < llull for all pe
M (G) (See [7]). A subspace K of H is said
to be invariant under II if I () K K for
all pe M (G). I is called irreducible if {0}
and H are the only closed invariant sub-
spaces of H. We say that II is faithfull if IT
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is one-to-one. Let H = L? (G) and consider
II: M (G) » B (L’ (G)) defined by I (u) f =
w* f, where (u * £) (x) =§f (v'%) du (y) then
Il is called regular representation of M (G).
The regular representation is faithfull
[(71.

Let {II, H} be a representation of M (G)
, then K,; will denote the linear span of {y.
- (wWy:ye H,pe M, (G)}. Forx e H, let
dis (x, Ky 1) denote the distance of x from
KH, 18

Now let S be a discrete semigroup and
m (S) be the Banach algebra of all bounded
real valued functions on S with supremum
norm. f fe m(S)andse S,let [ f (x) =
f(sx) forany x e S.

Let A m (S) be a uniformly colsed left
invariant (i. e , fe A foranyfe Aandse
S) subalgebra of m (S) with 1 € A (1 is the
constant one function on S). A linear func-
tional m € A" (the continuous dual of A) is
amean ifo (f) 20 forany f>20,fe A and
o(1) = 1, this is equivalent to the condition
that.

inf (f(xX):xe S}<m@<sup{f):€ S}

forall fe A.

We say that the subalgebra A is extreme-
ly left amenable (ELA) if there is a multi-
plicative left invariant mean on A, i.e. a
mean m on A such that m (I, f) = m (f) and
m(fg)=m (f) m (g) forall f, ge m (S) and
allse S.

Extremely left amenable semigroups
were introduced for the first time by T.
Mitchell [9] and later on studied by E. Gra-
nirer [4], [5], [6], and J. C. S. Wong [14]
and for topological case by J . M. Ling [8]
and A. Riazi [10] and [12].
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I In this article we offer three results concerning amenability of discrete semigroups, topo-!

i logical semigroups and topological groups.
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Introduction .

Let S be a locally compact topological
semigroup with measure algebra M (S). Let
M, (S)={peM(S):p20andllpl=1}
be the set of all probability measures in
M(S), M, (S) is a semigroup with convolu-
tion as multiplication.

For each p e M (S) we denote the opera-
tor [ ,;: M (S)" —» M (S)" where (I, F) (v) =
F(un*v),ve M(S) by n OF. Also denote
by 1 the element in M (S)" such that 1 () =
p (S) for all pe M (S). An element
MeM(S)" is called a mean if

ey

For any F e M (S)". Condition (1) is equiva-
lent to

M (1) =Ml =1 2
or

M®E 20forallFe M(S)*With Fz0andM (1) =1
See [2].

f (F (0: 1€ My ()} < M (B) < sup {F (@): € M, (9))

A mean M is called topological left invari-
ant (TLIM) if M (n O F) = M (F), for any F
e M(S) and p e M, (S). If there is a topo-
logical left invariant mean on M (S)” we say
that S is topological left amenable (TLA).
Let C, (S) be the subalgebra of C B (S)
(continuous bounded functions on S) con-
sisting of functions which vanish at infinity.
It is known that M (S) = C, (S)"via the cor-
respondence p — & where I (f) = ffd £ for
any f in C,(S), [7, 14]. Under pointwise op-
erations and supremum norm, C, (S) be-
comes a Banach algebra. Arens product can
thus be defined in C, (S)™. In particular we
have the following defining formulas for
any f, gin C, (S), min C, (S)" and 6, ¢ in
C, (S)"

(m ©1) (g) =m (fg)

©Om®H=¢pmen
©©¢) (m)=0 (9O m)

this product induces a multiplication in
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