the well known result

o0

Ny ox N 12
d"y exp(- gKﬁyiyj) = | a/det (K

— 00

which holds for any positive dcfinite matrix. leads (o
N 172
exp (- 2 Kyuyy) = [ 7 det (K] %
ij )

o<

a xexp(- > (K"‘)ij,\'ixi—Zi 2 xup)

o i i=1

Thus for ~1<S<0 equation {10) reduces to
.OC
-sin 275
cosh ZTu;-cos 2715

N
Zy = | d¥u(TT @28+
j=1

—

x exp( =2 Kyuu; )
i

This is just equation (9) in zcro ficld.
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Finally we remark the limiting case of S=———;— for
which the model takes a particularly simple from, i.e

o

N
dVu ( M sech? 7uy) x

- . T N
=y
j=1

N N
oxp (- 2 Ky + il 2 up)
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Inview of the spin independence of critical behaviour
(whose domain is now extended to §> -1 [1]), the
choice 5=~ —;— may present an alternative to the usual
S= —;— , since they posses identical critical behaviour. Tt
will be of significance to sec if the S=- L Ising model
can be solved exactly, particularly in two dimensions
with & non-zero field; an important task which has not
been achieved with the S= —;— Ising model. Apart from
these, it has the advantage of being a continuous spin
model involving the matrix K and not its inverse (as in
(10)). This may be favorable for certain considerations.
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For ~1<S<0 we have [S]=-1 by definition. The sct
< is the empty set for this particular rage of spin and

we are left with

(28+1) tr;F(S7) =

‘oo .
sin 277(S+1) .
- - 7
cosh 2ru - cos2z(S+1) F(iu) du ™

- 00

In particular we have [2] for the moments try($;9)"; r
=0,12, ..

(25+1) try(SH" =
.
o sin 272(S+1)

i'u’ du =
cosh 2tu - cos2(S+1) e

- 00

[0, r=2n+1

) @®)
ETIve By, 41 (S+1), r=2n

which holds for -1<S<0. Here B (x) denotes the
Bernoulli polynomial of degree r. The above equation,
of course, holds for the standard Ising model [1].
Following the line of arguments presented in reference
[1], the fact that equation (8) is formally valid also for
~1<8<0 is sufficient to demonstrate the validity of our
model for the range of spin under consideration.
Hence equations (4) and (5)actually define a
generalization of the Ising model for any S>-1. Now
(Tyreads

(28+1) t;F(S?) =

® _ sin 27tS
—e COsh 27ru - cos2mS

F(iu) du

The partition function for the generalized Ising model
thus becomes

o
N . .
Zy = | N ( T (28+1)) S0 275
i=1

cosh 27tu;~-cos 27S

)%

— o0
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N
exp (- z‘ Koy, + il,jziuj) 9
1] =

for -1<S<0. Evidently. the interaction matrix K must
be positive definite for the convergence of the multiple
integral to be insured.

Equation (9) in zero field (L=0) is reminiscent of
the generalized continuous spin model defined via

N .
ZN :[”Ndet(K)]—l/z dNU(H (284'1)—1 Smh-§25+1 U')
i=1 sinh u,
% exp(—z (K“l)ijuiuj) (10)
i

in which K is, as before, positive definite and S>-1.
This is an alternative form for the partition function of
the generalized zero-ficld Ising midel, obtained via the
Kac~Hubbard-Stratonovich transformation [3,4,5] in
the usual manner [1}] (i.c as for the standard Ising
model for which (10), of course holds). It is instructive
to prove the cquivalence of (9) in zero field and (10)
for the spin range -1<S<0. This serves as a
consistency check on the model as well. Substituting

the Fourier transform formula

® —sin 278 e-2ux g = sinh (28+1) x
o COCh 2mu — cos 2715 sinh x

which is only valid for ~1<S<0, into (10) yields
o
N
Zy = N der@®)? | dNu T @s+1)!

j=1
~00

% -sin 2718
cosh 2y, - cos 271S

N
X dx exp(- 2, (K'I)ijxixj LD X )
ij j=1

In the second multiple integral, changing the variable
of integration to y;=x; + i.'>3j K;; u; and making use of
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ABSTRACT

S=-L.
2

Following an article describing a novel generalization of the Ising model formally
valid for all positive spin values, zt is shown that this model also holds for -1<S<0.
The model simplifies when S= - = . It is suggested, in vzew of the spin independence
aspect of universality, that rather than the usual § = = L Ising model, the choice of
may be more favorable for certain considerafions.

The standard spin § (where S takes one of the usual
intcgral or odd - hall intcgral vatues)lsing model has in
general, in the usual notation, the partition function

Zy = try .

. try exp ( E K;$%S5 + L 2 sy ()

i=1

where the partial trace tri is defined by

(28+1) tr; F§) = F(SH 2
i FGS; 5&9 i @)
in which F is any function of the spin components S ;*
and < is the set
S = {-S, -S+1, ..., S-1,8 } 3
The normalising factor (2S+1) is incorporated so that
tr;l =
In an article [1] we presented a generalization of
the Ising model which formally permits any arbitrary
positive value for the spin S. This generalized model

was defined for all S=0 via replacing (2) and (3)

respectively by

(2S+1) tr; F(§H) = };F(Siz) + r Ws () (u) F(iu) du
S e -0
)

S = {-S, -S+1, ..., -S+[8], S-S}, ..., $-1, S8} %)
where [S] is the greatest integer < S, and the spin
distribution function WS‘[S](u)is givenin terms of the

quantity 0<S-[S}]<1 by

sin 27 (S-[S])
cosh 27 u - cos 2r(S-[S])

Wq 5)(u) = - ©)

It was shown that this new model reduces to the

3 .
1o and remains
consistent for any other positive spin value. Everything

standard Ising model when S=% 21

derived from it is valid for any §20 [1}]. It is the
purposc of this paper to point out that the range of
validity of this model also includes —1<S<0.4 Some .
consequences will also be discussed.
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