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Minimum Weight of Bending Plates by
Boundary Changing

M. Rezaiee-Pajand M. R. Salari

Department of Civil Engineering
Ferdowsi University, Mashhad

Abstract

A triangular element with 35 D.O.F. is utilized to minimize the weighi of I
| bending plates. This higher-order element has 12 side-nodes and 4 inner-nodes. |
| High accuracy and no shear locking effect in analyzing thin bending plates are
1 the speciality of this element. The explicit derivatives of the stiffness matrix en-
! tries are calculated and used to optimize the shape of bending plates. A comput-
| er program is written in order to show the application of the aforementioned de-
: rivatives. Numerical examples illustrate the abillity of this higher-order element
! 1 in finding optimal shape by boundary changing. It is necessary to mention that !
1 the larger number of D.O.F. and their variations create a difficult programming |
| task.. However, the results obtained by utilizing this element are accurate and !

: worthy of complex analysis. :
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Q5 (10, 1) =2.0
Q5 (4,2)=9.0
Q5(5,2)=-45
Q5(10,2) =-4.5
Q5 (4,3)=-4.5
Q5(5,3)=9.0
Q5(10,3) =-4.5
Q5(2,4)=1.0
Q5(4,4)=10
Q5(5,4)=-25
Q5 (6,4)=-2.5
Q5(7,4)=1.0
Q5 (10,4) =2.0
Q5 (6,5)=9.0
Q5(7,5)=-45
Q5 (10,5)=-45
Q5 (6,6) =-4.5
Q5 (7,6)=9.0
Q5 (10, 6) = -4.5
Q5(3,7)=1.0
Q5(6,7) =10
Q5(7,7)=-25
Q5(8,7)=-25
Q5(9,7)=1.0
Q5 (10,7) =2.0
Q5(8,8)=9.0
Q5(9,8)=-4.5
Q5 (10, 8)=-4.5
Q5(8,9)=-45
Q5(9,9)=9.0
Q5 (10, 9) =-4.5
Q5 (10, 10) =27.0
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Q1 (1,1)_ (49bydor - 3.50by/d0x - 3.50bydar - 20400 Q1 (1, 1))

QI (7,2) _ (10.1259b1/00t-20A/d0.. Q1 (7,2))

a0 2A

Q1 (2,1) _ (-dbido-20A/900. Q1 (2, 1))
Jo 2A

201 (3,1) _ (3by/da-20ARB0. Q1 (3,1)

Jo 2A

301 (4, 1) (10.50b/30i+ Tabyde+ 5.753bydci- 20ARe . QL A, 1)

Jo 2A

9Q1(8,2) _ (10.1259by/00:- 20A/90:. Q1 (8, 2))
oo 2A

3Q1(9,2) _ (-30.3753by/00x- 23A/90t. Q1 (9, 2))
oo 2A

3Q1(10,2)_(-60.753by/d -+ 20.25 dbufo: + 20,250 b/ - 20 Voe . Q1(10.2))

do 2A

9015, 1) _ (-30bydoc+ 7dby/dat - 1.750bydoi- 20400 Q1(5, 1))

00 24

9Q1(1,3) _ (-320bx3cc-23A/90. Q1 (1,3))

Ju 2A

3Q1(6, 1) _ (1.753b/dcx -20A/90:. Q1 (6, 1))
o 2A

3Q1 (7,1) _ (-1.750by/d0- 20A/90. Q1 (7, 1))
a0 2A

0Q1 (8, 1):(-3E)b3/6<x+ 7oby/d0: - 1.750b/00i- 204000, Q1(8, 1)

Jo 2A

301 (2,3) _ (-320b/d0-20A/90.. Q1 (2,3))

Jo 24

001 (4,3) _ (969b,/90+ 160cb40 0.+ 20byd0- 20400 . Q1 (4, 3)
do. 2A

3Q1(5,3) _(963bydoc+ 1600b, + 23by0c. - 204001 Q1 (5, 3)

dot 2A

301 9, 1) _ (10.59b/da+ T3bydac+ 5.750b40e.- 20A000. Q1 (0, 1))

dol 2A

9Q1(6,3) _ (2b/d0:-20A/90. Q1 (6, 3))

Jo. 2A

3Q1 (10,1)_ (1.5 /d- 3.50b79ac- 3.5%b¥3a- 20AR%0. Q1 (10, 1))

a0 2A

9Q1(7,3) _ (-69bi/d0:-20A/00:. Q1 (7,3))

& 2A

JQI(1,2) _ (2706,/00,- 20A/00.. Q1 (1,2))
Jo 2A

©9Q1(2,2) _ (13.50by/00:- 20A/900. Q1 (2,2))
do 2A

301 (4,2) _ (319byda- 813by00:- 30.3750b500:- 20A90:. QL (4, 2))

Jo 2A

9Q1(8,3) _ (-69bx/d0:-20A/00:. Q1 (8,3))

Jo 2A

3Q1 (9,3) _ (20b2/00-20A/90.Q1 (9, 3))
oo 2A

Q1 (10,3) _ (4dbi/dot +4dbyda - 120byda-20A00. Q1(10,3))

Jo; 2A

21(5,2)_(40.59500-813b/d0t + 10.1 2505/t 20A001.Q (5, 2)
2%

9Q1(6,2) _ (10.1250b,/d0.- 23A/90¢. Q1 (6,2))
Jo 2A

rre

do. 2A

3Q1(1,4) _ (13.50by/dci- 20A/00¢. Q1 (1,4))
Jo 2A

3Q1(2,4) _ (279b/d0c-29A/90. Q1 (2,4)
oo 2A

¥ 03b0ds f ki Sl [ gmS ol




201(4,4)_(40.59bydoc-813b30 + 101250500 20800 Q1¢4, 4)

& 24

301 (5, 4) _ (819byd0c- 813bydct-30.370by00- 20A0:.. Q1 5, 4)
do. 2A

3Q1(6,4) _ (-30.3753by/00:- 20A/301. Q1 (6,4)
oo 2A

dQ1(7,4) - (10.1250b/00t - 20A/900. Q1 (7,4))
a0 2A

9Q1(8,4) _ (10.1259b,/d0t- 20A/90:. Q1 (8, 4)
Jo 2A

3Q1 (9,4) _ (10.12509b/90:- 29A/90r. Q1 (9,4)
o 2A

201 (10,4) _(20.259b/9- 60.753b,00 + 20.250b/00 204/ Q1 (10, 4)
& A

3Q1(1,5) _ (-3t~ 20A/90. Q1 (1,5))
Jo 2A

3Q1(2,5) _ (@b 3.59b/dr -3 5904002000 Q1 2,5)
oot 2A

dQ1(3,5) - (-0ba/oo -20A/0a. . Q1 (3,5))
do 2A

3Q1 (4, 5) _ (33bi/doc+ Toby/d - 1.759b5- 204201 . Q1 4, 5)

3Q1(9,5) _ (-1.753by/d0t-20A/0t. Q1 (9, 5))

Jo 2A

301(10,5)_ (3.59byet + ' 50by/0 - 3.59bydoi- 204/ Q1 (10,5)
oo : 24

3Q1 (2,6) _ (270by/d0t-20A/90. Q1 (2,6))

oo 2A

3Q1 (3,6) _ (13.59by/00.- 20A/90. Q1 (3, 6))
oo 2A

9Q1 (4,6) _ (10.1250b5/d0t- 29A/90¢. Q1 (4, 6))
Jo 2A

301 (5.6) _ (-30.3753b5/Bt-20A/30. Q1 (5, 6))
Jo 2A

301 (6,6)_ (813b5d0- 813byda- 30.3759byda- 20400 . Q1 (6, 6)
do. 2A

%1(7,6) _(40.53b590:-813by/30 + 10.125%,/00-208a. Q1(1,6))
2A

3Q1 (8,6) _ (10.1253b5/00t- 20A/90¢. Q1 (8, 6))
Jol 2A

9Q1 (9,6) _ (10.1250by/00:- 20A/90t.. Q1 (9, 6))
oo 2A

301 (10,6) _(20.259by/30:-60.750bfdo:+ 20.259bv3 -2A03e. Q1(10,6)

o, 2A

3015, 5)_ (10.50by/00+ Tbyda+ 5.750by00- 20A0 . Q1 (5, 5)
00, 2A

301 (6,5)_ (10.59b/da+ 73bsB0: + 5.750b 30~ 20ARa. Q1 6,5))

do 24

Q1 (2,7) _ (-320b5/90t-29A/01. Q1 (2,7))
oo 2A

3Q1 (3,7) _ (-320b2/30-20A/00:. Q1 (3, 7))

oot 2A

301(7,5)_ (-39byda+ Toby/dat - 1.750b/do; - 20Aa. Q1 (7, 5))

Jo 2A

Q1 (4,7) _ (-63bs/dai-20A/00.. Q1 (4, 7))

do. 2A

9Q1(8,5) _ (-1.753bx/30:- 20A/3cx. Q1 (8, 5))
oo 2A
' 004 [ pided s [ g0 gaa!

oo 2A

9Q1(5,7) _ (23bs/d0i- 20A/0:. Q1 (5, 7))
do. 2A

L)

Ty



AR O1(67)

fda - 20A/60. . QL{T,T)

3Q1(8,7) _ (20b/00:- 20A/30. Q1 (8, 7))

9Q1(9,7) _(-6ob
Jox 24

201 (10,7)_ (1238004 40by/d0; + 40by0u - 20400 . Q1 (10,7))
srel 2A

Qo

201 (4,8) _(10.1250bs/00- 20A/00. Q1 (4, 8))
Jo 24

201(5.8) _{10.1259b:/d0- 20A/90. Q1 (5, 8))
e[e3 2A

201(6,8)_ (81930 + 10.125%/Boc+ 40.50b/00- 20480, Q1(68))
du 2
9Q! (7.8) _ fs‘8m/8m 81db,/00 -30.3750b/dn- 20Ade . Q{7 .8))

JG1(3,8) _(-30.3753by/g0L - Zohaloo. G1(8.8))
eled ZA

i (“/,v,

201 (1.9) _{-oby/da-20A00. Q1 (1,9))
o ZA
¥¥a

3A01(2.9) (-dby/dot- 20A/00 . Q1 (2, D)
21(2.9) 2
g 2A

801 (3,9) _ (40by30.- 3 59by/001 -3.50b,/00 - 20400, . Q1 (3.9))
Jo 24

201 (4,9) _(-1.759bs/00- 20A/00x. Q1 (4,9))
30 2A

201 (5.9)_(-30bda+ Thyd - 1.750by/0n - 20400 Q
der 24

oo+ 5. T5dboe - 2oAln. G1(1.9)

30119 _(10.5dbyon+ 7

. .
1AR6. Q1(8.9)

201(1,10) _(13.53by/00-20A/00. Q1 (3, 10))
a0 ZA

301 (3,10) _{27abyda-29A/de. Q1 (3, 10))
Jo. 24

A01 (4,103 _(10.1250by/00 - 20A/000. Q1 (4, 10))

e AN

b3 /u@C 2oh100. o) {5, I i)

oo 24

Ao Q16 10))

301 (7,10) _ (-30.3753b1/d0c- 20A/90.. Q1 (7,10))
ot 25

P 0y ] poieds s / 3 il




201(8, 10) _(810bydar- 81aby/0ui - 30.375cby00- 20 AP0 Q1 (4,10)
do. 2A

30109, 10) _ (30.50bydo-81dbydo + 101 5dbo/dui- 20400 Q1(4,10))

2A

AQ1(10, 10) _(20.250by/d0:+ 20.25 by/oot -60.75 cby/dor - 2040 . Q1 (4,10))

oo A

3Q1(1,11) _ (-320by/dci-20A/90:. Q1 (4,11)
oo 2A

Q1 (3,11) _ (-320by/d0t-20A/d0. Q1 (4, 11))
oo 2A

3Q1(4,11) _ (20by/dac-20A/301. Q1 (4, 11))
oo 24

3Q1(5,11) _ (-63by/dni- 20A/00:. Q1 (4,11)
oo 2A

3Q1 (6,11) _ (-63bi/dci-20A/90x. Q1 (4, 11))
do 2A

301 (7,11) _ (20b1/dai-20A/00:. Q1 (4, 11))
Jou 2A

301 (8, 11)_ (-96abyoo + 1600hy/d0.+ 20b/d0.- 20A/00.. Q1 (4,11)

3Q1(5,12) _ (10.1253b3/d0:- 20A/90¢. Q1 (4, 12))
oo 2A

001 (6,12) =(10.1258b1/80€—28A/a(x.Q1 “4,12)) .
ou 2A

3Q1(7,12) _ (10.1259b,/d0- 20A/90:. Q1 (4, 12))
Jo 2A

9Q1(8, 12) _(40.50by00 - 81dby/dox + 10.125dby/00- 2000 Q 1(4,12))
dor 2A

9Q1 09, 12)_ (81 dbydoi - §1dbyda - 30.3750b, /00 - 20A/00. Q1(4,12)
da 24

Q1 (10, 12) _ (-60.75.9by/x + 20.250b /00 + 20.250by/0n - 208000, QL (4,12))
o 2A

9Q1 (4,13) _ (960by/daL-20A/0r. Q1 (4, 13))
Jo 2A

3Q1(5,13) _ (-320bydoi-20A/90:. Q1 (4, 13))
oo 2A

9Q1 (6,13) _ (-320b1/d0i- 20A/d01. Q1 (4, 13))

oo 2A

0Q1(7,13) _ (-320by/d0 - 20A/00. Q1 (4,13))

oo 2A

901 (9, 11) _ (969by/da + 160dby/da + 20b/d0 - 20A00a. Q1 ¢4,11)

&l 2A

201 (16, 1) _(@daby/da- 1 2dby/0o + 40by/dc. - 2000, Q1 (4,11)
du 2A

3Q1 (1,12) _ (2709by/d0:-20A/30:. Q1 (4, 12))
o 2A

3Q1 (3,12) _ (13.58b1/d01-20A/. Q1 (4, 12))
dot 24

3Q1 (4,12) _ (-30.3750by/d0:- 20A/00:. Q1 (4, 12))
Jo 24
Y 030 i s [ s gl

oo 2A

3Q1 (8,13) _ (-320b/d0:-20A/00¢. Q1 (4, 13))

au 2A

3Q1(9,13) _ (962bsd0-20A/0:. Q1 (4, 13))

aol 2A

Q1 (10, 13) _ (1920b/da. - 64dby/der - 64dby/da- 20A0.. Q1 4,13)

du 2A

3Q1 (4,14) _ (-323bydci- 20A/dar. Q1 (4, 14))
a0 2A

0Q1(5,14) - (960bs/dor- 20A/d0.. Q1 (4, 14))
o 2A

ey



9Q1 (6,14) _ (963b1/dai-20A/30. Q1 (4, 14))
Jo 2A

Q1 (7,14) _ (-323by/d0.- 20A/da:. Q1 (4, 14))
Jo 2A

Q1 (8,14) _ (-320by/d0t-20A/d00. Q1 (4,14))

Jo 2A

dQ1(9,14) _ (-320by/d0. - 20A/90.. Q1 (4, 14))
oo 2A

2Q1(10 14) _(64dbyda+ 1920byda - 640bd0.-20A/0. Q1(4,14)
o 2A

Q1 (4,15) _ (-320b5/00:- 20A/01. Q1 (4, 15))
oo 2A

3Q1(5,15) _ (-320bs/30:- 20A/90:.. Q1 (4, 15))
oo 2A

Q1 (6,15) _ (-323b1/d0:-20A/90. Q1 (4,15))
dot 2A

3Q1 (7,15) _ (960bifdat-20A/30:. Q1 (4, 15))
oo 2A

3Q1 (8,15) _ (963ba/dct-20A/9a. Q1 (4, 15))
Jo 2A

3Q1 (9,15) _(-320by/d0i- 20A/90. Q1 (4, 15))
do 2A

dQ1 (10, 15) _ (-64dbydoi- 649,00+ 1920by/00-2 dAM0 . Q1(415)

dot 2A

dQ3(1, 1) _ (3dbydoi-2.50by/d0 - 2.50b00. - 204000, . Q3 (1,1))
Jo. 2A

3Q3(2,1) _ (3bi/da-20A/90. Q3 (2, 1))

oo 2A

0Q3(3,1) _ (9bydo- 20A/d0.. Q3 (3, 1))
ool 2A
yey

JQ3(4, 1) _(-5dbydo. +20byd o+ 20by/00. - 20400 . Q3 (4,1)
dol 2A

9Q3 (5,1) _ (20by/00t- 20A/00. Q3 (5, 1))
do 2A

9Q3(6, 1) _ (-5db/dar +20byd 0+ 20bydot - 20ARa . Q3 (6,1))
do. 2A

9Q3(1,2) _ (99ba/dor-20A/da. Q3 (1,2))
do. 2A

903 (2,2) _ (-4.50bi/doc- 20A/dar. Q3 (2,2))
oo 2A

dQ3(4,2) _(18db/dai-90byon-4.5dbs/dot - 20A/00 . Q3 (4, 2)
dor 2A

0Q3(5,2) _ (-4.50b/do- 20A/00. Q3 (5,2))
do 2A

Q3 (6, 2) _ (-4.53ba/d01- 20A/901. Q3 (6,2))
dJou 2A

9Q3(1, 3) _ (-4.50by/d0i- 20A/d0:. Q3 (1,3))
dol 2A

3Q3(2, 3) _ (99bi/do- 20A/d0:. Q3 (2,3))
ao. 2A

Q3 (4, 3) _ (-99by/00i-+ 183byfdat - 4.59byd0r- 20A00. Q3 (4, 3))
do. 2A

3Q3(5, 3) _ (-4.59by/d0i- 20A/30. Q3 (5, 3))
ool 2A

0Q3 (6, 3) _ (-4.59by/000 - 20A/000. Q3 (6,3))
Jo 2A

0Q3 (1, 4) _(dba/do-20A/d00. Q3 (1,4))

Jol 2A

0GB (2, 4) - (2.500,/90+ 39byd0i - 2.50by/d0r- 204/ . Q3 (2, 4))
do. 2A
vy G)M/MJW/M)@’




303 (3, 4) _ (a0~ 20A000..Q3 (3,4))
do A

203 (4, 4) _(20by/de - 500k + 20byd0. - 20A/00 . Q3 (4, 4))

9Q3(2, 7) _ (Oba/30 - 20476000, Q3 (2,7))
a{}: ZA

9B (3,7 (2,530,090 2.500,/000+ 3 dosfd - 20400, Q3 3, 7))

Jo 24

303(5, 4) _(20by/901- 5byfd 0+ 20b400. - 204000, Q3 (5, 4))

oo, 2A

9Q3(6, 4) - (28by/00 - 20A/00.. Q3 (6, 4))
o0 2A

9Q3 (2, 5) - (99ba/30L - 20A/000. Q3 (2,5))
a0t 24

003 (3, 5) _ (-4.50by/d0r- 20A/d00. Q3 (3, 5))
aoL 2A

903 (4, 5) _ (-4.59bs/30L - 20A/900. Q3 (4,5))
o4 24

A (5,5)_ (4.50b/d0+ 180bdu-9dbs/dui- 2040 . Q3 65, 5))
do. 2A

303(6, 5) _ (-4.58b:/00:- 20A/30. Q3 (6,5))
oo 24

9032, 6) - (-4.50b3/00. - 20A/000. Q3 (2,6))
do 2A

303 (3, 6) _ (99bx/d0:- 29A/90. Q3 (3,6))
oo 24

303 (4, 6) _ (-4.59b/00- 20A/90¢. Q3 (4, 6))
ao 2A

303 (5, 6)_ (4.53by/30.-93by + 1896590 - 20ARe. Q3 5, 6)

& 2

0Q3(4, 7) (235330 - 29A/d00. Q3 (4, 7))
Rlod 7N

35, T) _(Qdbyda+ 20byde - 5aby00.- 20000, Q3(5, 7))
do 24

Q3 (6, T) _(20b oo+ 20by/00. - 50by00 - 20400 . Q3 (6, T)
Jo 24

8Q3(1, 8) _ (-4.59b/00 - 20A00. Q3 (1,8))
g0 24

4Q3(3, 8) - (89600 - 20A/90.. Q3 (3,8))
ao A

3Q3 (4, 8) _ (-4.50b3/d0t - 20A/90.. Q3 (4,8))
ool ZA

903 (5, 8) _ (-4.53b/30 - 2047900, Q3 (5, 8))
oo 2A

903(6,8) _(99bydn -4.50byd 0+ 18dbsfdor- 20A/00,. Q3 (6, 8))

o 24

303 (6, 6) _ (-4.50b/d0- 23A/0. Q3 (6, 6))
oo 24

3Q3 (1, 7) _ (@bs/dor-20A/90:. Q3 (1. 7))
oo 2A
TV oiad frpiih Sl [ g8 ol

do. 24

a3 (1, %) - (95b:/30 - 20A/000. 93 (1,9))
oo 2A

33 (3,9) _ (-4.50b/0-23A/J0. Q3 (3.9))
a0 24

303 (4, 9) _ (4530301~ 28A/00. Q3 (4,9))
o0t . 2A

3Q3(5,9) _ (-4.59by/dei- 23A/30.. Q3 (5,9))
dot 24

003(6,9) _{18dbyda- 4 5ohy/o0 - 99bou - 20AM0 . Q3 (6, 9)
30 2A

YA



303 (4, 10) _(273bs/30 - 20A/00. Q3 (4, 10))

oo 24

dQ3(5, 10) _ (27851000~ 20A/000 . Q3 (5, 10))
do. 24
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